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Abstract

Newton built on the works of many earlier scientists, but principally those of Galileo [Gal-38], Ke-
pler [Kep-09] and Descartes [Des-37], to produce his groundbreaking work: Mathematical Principles
of Natural Philosophy and His System of The World, commonly known as thePrincipia [New-34].
This book, written in response to a question1 in August 1684 regarding orbits by Astronomer Royal,
Edmund Halley, sparked a scientific revolution which fundamentally transformed Science during the
seventeenth century and beyond.

This paper discusses Propositions 39, 40 and 41 contained in Newton’s Principia. Together these
propositions show how Newton tackled the Inverse Problem of orbiting bodies subject to an inverse
law of attraction.

1 Introduction

For approximately three hundred years scholars have painstakingly ploughed through
the original proofs in the Principia and have almost unanimously found them difficult2;
modern scholars are no exception [Fau-88, p54].

The current situation is such that, the modern methods of Mathematical Physics are so
sophisticated, problems which taxed the greatest minds centuries ago, can now be solved
by under graduates using only a few lines of vector calculus. However, it is instructional
to occasionally look at classical problems from the past in order to try and establish
the thought processes of the mathematical giants who solved problems that no-one else
could, using tools that today we consider basic. It is also worth noting that whilst
modern mathematical hieroglyphics provide great economy when describing a particular
problem, they also tend to disguise the fact that behind many simple statements lie the
accumulated intellectual efforts of previous generations of mathematicians, which have
taken place over thousands of years.

The mathematics of Newton’s Principia is generally considered to be abstruse3 and is
unlikely to be representative of the process by which he actually arrived at his important
discoveries. Therefore, the natural approach for any researcher seeking to illuminate
this matter would be first to search for material that predates the Principia and which
contains Newton’s original derivations; then to show how he recast this work into the
form included in the Principia. Alas, this approach appears to be doomed to failure as,
apparently, no such papers have been discovered since Newton’s death in 1727 [Whi-70].
In this connection, Westfall writes in his definitive biography of Newton [Wes-80, p424]:
”No such papers demonstrating propositions of the Principia have ever been found except
for a few in which he later set a couple of propositions over into analytical [i.e. fluxional]
terms”.

1In 1684 Dr Halley came to visit him at Cambridge, after they had been some time together, the Dr asked him what he
thought the Curve would be that would be described by the Planets supposing the force of attraction towards the Sun to
be reciprocal to the square of their distance from it. Sr Isaac replied immediately that it would be an Ellipsis, the Doctor
struck with joy & amazement asked him how he knew it, why saith he I have calculated it, whereupon Dr Halley asked
him for his calculation without any farther delay, Sr Isaac looked among his papers but could not find it, but he promised
him to renew it, & then to send it him ... As Newton recollected to Abraham DeMoivre [Wes-80, p403].

2D. Gjertsen reports that ”Sir Arthur Eddington and Bertrand Russell both considered the Principia to have been
mastered by only a hand full of people, most of whom are either dead or have been driven mad by the [intellectual] effort”
[Her-65, p486].

3As Newton intended [Wes-80, p19].
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For each of the propositions 39, 40 and 41 we first state the associated mathematical
proof, as presented in the 1729 English translation of the Principia [New-34]; then for
each, we proceed as per Newton’s derivation, and translate the mathematics in to a form
that should be easier to follow for a modern reader.

The Inverse problem inherently requires the usemomentum and energy concepts. Newton
was aware of these, but not exactly in modern terms which took many years to refine; and
which were only properly defined a century later. This will be highlighted in discussions
which follow. Newton defined motion at the very beginning of his Principia (See Motte’s
English translation [New-34]) as follows:

DEFINITION I

The quantity of matter is the measure of the same arising from its density and
bulk conjointly.

In modern form the above can be written equivalently as,

m = ρ× V,

wherem represents mass (matter), ρ represents density and V represent volume
(bulk).

DEFINITION II

The quantity of motion is the measure of the same, arising from the velocity
and quantity of matter conjointly.

In modern form the above can be written equivalently as,

p = m× v,

where p represents momentum (motion) and v represents velocity.

Newton also defined the following three Axioms or Laws of Motion, which we refer to
subsequently.

LAW I

Every body continues in its state of rest, or of uniform motion in a right line,
unless it is compelled to change that state by forces impressed upon it.

LAW II

The change of motion is proportional to the motive force impressed; and is
made in the direction of the right line in which that force is impressed.

In modern form the above can be written equivalently as,

f ∝ ∆p = ∆(mv),

where f represents force and ∆p represents an impulse (= f(r)∆t, see Cohen
for discussion [New-99, p116]). Alternatively, for a continuously acting force
this can be represented as,

f ∝ d(mv)

dt
;

or, for constant m,

f ∝ d(v)

dt
= a,

where a represents acceleration.
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LAW III

To every action there is always opposed an equal reaction: or, the mutual ac-
tions of two bodies upon each other are always equal, and directed to contrary
parts.

Newton later showed in PROPOSITION XXXIX (see also PROPOSITION
XXXII) using his idea of quadrature of areas that (in modern terms), for a
body subject to any force f that is a function of distance r,

f(r)dr ∝ vdv,

where v represent the body’s velocity at distance r So, by simple integration
we arrive at (kinetic) energy, ∫

f(r)dr =
1

2
v2, (1)

or, as used by Newton in propositions 39 and 41,

v2 = 2

∫
f(r)dr, (2)

where we assume the constant of proportionality to be unity. This aspect
is discussed in depth by H Erlichson [Erl-94]. Newton developed these ideas
further in PROPOSITIONS XXXX and XXXXI to solve the inverse problem,
which he illustrated for the problem of an inverse-cube law of attraction.

2 PROPOSITION XXXIX. PROBLEM XXVII

Supposing a centripetal force of any kind, and
granting the quadratures of curvilinear figures;
it is required to find the velocity of a body,
ascending or descending in a right line, in the
several places through which it passes, as also
the time in which it will arrive at any place; and
conversely.

Suppose the body E to fall from any place A in
the right line ADEC; and from its place E imag-
ine a perpendicular EG always erected propor-
tional to the centripetal force in that place tend-
ing to the centre C; and let BFG be a curved line,
the locus of the point G. And in the beginning
of the motion suppose EG to coincide with the
perpendicular AB; and the velocity of the body
in any place E will be as a right line whose square
is equal to the curvilinear area ABGE. Q.E.I.
In EG take EM inversely proportional to a right
line whose square is equal to the area ABGE, and
let VLM be a curved line wherein the point M is
always placed, and to which the right line AB
produced is an asymptote; and the time in which
the body in falling describes the line AE, will be
as the curvilinear area ABTVME. Q.E.I.
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For in the right line AE let there be taken the very small line DE of a given length, and
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let DLF be the place of the line EMG, when the body was in D; and if the centripetal
force be such, that a right line, whose square is equal to the area ABGE, is as the velocity
of the descending body, the area itself will be as the square of that velocity; that is, if
for the velocities in D and E we write V and V +I, the area ABFD will be as W , and
the area ABGE as W + 2VI + II; and by subtraction, the area DFGE as 2VI + II, and

therefore
DFGE

DE
will be as

2VI + II

DE
; that is, if we take the first ratios of those quantities

when just nascent, the length DF is as the quantity , and therefore also as half that

quantity
IV

2VI
But the time in which the body in falling describes the very small line DE,

is directly as that line and inversely as the velocity V; and the force will be directly as
the increment I of the velocity and inversely as the time; and therefore if we take the first

ratios when those quantities are just nascent, as
IV

DE
that is, as the length DF. Therefore

a force proportional to DF or EG will cause the body to descend with a velocity that is
as the right line whose square is equal to the area ABGE. Q.E.D.

Moreover, since the time in which a very small line DE of a given length may be described
is inversely as the velocity and therefore also inversely as a right line whose square is equal
to the area ABFD; and since the line DL, and by consequence the nascent area DLME,
will be inversely as the same right line, the time will be as the area DLME, and the sum
of all the times will be as the sum of all the areas; that is (by Cor., Lem. iv), the whole
time in which the line AE is described will be as the whole area ATVME. Q.E.D.

✩✩✩✩✩✩✩✩✩✩

2.1 Proposition 39 - Modern Form

We now convert the essence of Newton’s solution to a more modern form in two steps,
as follows:

Step 1. In the accompanying diagram and Newton’s solution above, we are given that
a body moves from point A to point E, and we represent this distance by r. Now let the
line BFG represent the corresponding value of centripetal force, f(r), as the body moves
from A to E, then it is required to show that the square of the body’s velocity, v, will
vary as the curvilinear area ABGE.

Let,
v2 ∝ ABFD

then, if we represent an infinitesimal increment in v as ∆v (Newton used V and I to
represent v and ∆v respectively), it follows that,

(v +∆v)2 ∝ ABGE

Subtracting gives,
(2v∆v +∆v2 ∝ DFGE.

Therefore,

DF ∝ DFGE

DE
∝ 2v∆v +∆v2

∆r
.

It is assumed that because ∆v is an evanescent quantity, ∆v2 can be neglected.

∴ DF ∝ 2v∆v

∆r
.
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But DF represents the centripetal force f(r), So, from this we see that on integration we
obtain the required solution,

Area ABGE =

∫
f(r)dr ∝

∫
2vdv = v2;

Furthermore, the above demonstrates that the gain in kinetic energy when the body
moves from D to E, as represented by the area DFGE, is equal to the body’s loss of
potential energy. It is also a very clear demonstration of the use of The Calculus by
Newton.

Step 2. Let the line VLM represent the inverse of the velocity corresponding to the
position of the body as it falls from A to E, then it is required to show that the time the
body takes to fall is proportional to the curvilinear area ATVME.

By definition we have at point D on the line Ae,

1

v
=

∆t

∆r
∝ DL,

∴ ∆t ∝ 1

v
∆r;

and by integration we obtain the required solution,

t ∝
∫

1

v
dr = Area ATVME. (3)

COROLLARY II

Whence if any body be projected either upwards or downwards with a given velocity from
any place D, and there be given the law of centripetal force acting on it, its velocity will
be found in any other place, as e, by erecting the ordinate eg, and taking that velocity to
the velocity in the place D as a right line whose square is equal to the rectangle PQRD,
either increased by the curvilinear area DFge, if the place e is below the place D, or
diminished by the same area DFge, if it be higher, is to the right line whose square is
equal to the rectangle PQRD alone.

✩✩✩✩✩✩✩✩✩✩

2.2 Corollory 2 - Modern Form

In Newton’s statement above, the area of the rectangle PQRD corresponds to the initial
kinetic energy as represented by the square of the velocity at point D in the above
diagram, and the curvilinear area DFge corresponds to the change in potential energy as
a body moves from point D to point e, i.e.,

v2 = PQRD+DFge = v2D + 2

∫ r=rD

r=re

f(r)dr. (4)

See also eqns. (1) and (2). This result is very important and follows directly from
the main results. It is a candidate for being the first known statement of Conservation
of Energy ; and, although Newton did not present it as such, it is clear that this is a
consequence of what he wrote. As presented in this proposition, the above result applies
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strictly to vertical motion. However, in Proposition XL, Newton shows that this result
also applies to any orbit, irrespective of the body’s path.

Note: Analyses of Corollaries 1 and 3 have been omitted as, for our purposes, they are
effectively covered in proposition 41.

3 PROPOSITION XL. THEOREM XIII

If a body, acted upon by any centrifugal force, is
moved in any manner, and another body ascends or
descends in a right line, and their velocities be equal
in any one case of equal altitudes, their velocities will
be also equal at all velocities.

Let a body descend from A through D and E,
to the centre C; and let another body move from V
in the curved line VIKk. From the centre C, with
any distances, describe the concentric circles DI, EK,
meeting the right line AC in D and E, and the curve
VIK in I and K. Draw IC meeting KE in N, and on
IK let fall the perpendicular NT; and let the interval
DE or IN between the circumferences of the circles
be very small; and imagine the bodies in D and I
to have equal velocities. Then because the distances
CD and CI are equal, the centripetal forces in D and
I will be also equal. Let those forces be expressed by
the equal short lines DE and IN; and let the force IN
(by Cor. 11 of the Laws of Motion) be resolved into
two others, NT and IT. Then the force NT acting
in the direction of the line NT perpendicular to the
path ITK of the body will not at all affect or change
the velocity of the body in that path, but only draw

it aside from a rectilinear course, and make it deflect continually from the tangent of
the orbit, and proceed in the curvilinear path ITKk. That whole force, therefore, will
be spent in producing this effect; but the other force IT, acting in the direction of the
course of the body, will be all employed in accelerating it, and in the least given time will
produce an acceleration proportional to itself. Therefore the accelerations of the bodies
in D and I, produced in equal times, are as the lines DE, IT (if we take the first ratios
of the nascent lines DE, IN, IK, IT, NT); and in unequal times as the product of those
lines and the times. But the times in which DE and IK are described, are, by reason of
the equal velocities (in D and I), as the spaces described DE and IK, and therefore the
accelerations in the course of the bodies through the lines DE and IK are as DE and IT,
and DE and IK conjointly; that is, as the square of DE to the rectangle IT · IK. But the
rectangle IT · IK is equal to the square of IN, that is, equal to the square of DE; and
therefore the accelerations generated in the passage of the bodies from D and I to E and
K are equal. Therefore the velocities of the bodies in E and K are also equal: and by
the same reasoning they will always be found equal in any subsequent equal distances.
Q.E.D.

By the same reasoning, bodies of equal velocities and equal distances from the centre will
be equally retarded in their ascent to equal distances. Q.E.D.
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✩✩✩✩✩✩✩✩✩✩

3.1 Proposition 40 - Modern Form

We now convert the essence of Newton’s solution to a more modern form, as follows:

Consider the accompanying diagram above. Then, from Newton’s problem description
we have, by definition, that DE and IN are evanescent quantities, and that at time t0,
the velocities (of the body) at point D and point I are equal, i.e. vD = vI. The problem
requires we show that the velocity of a body, under the sole influence of a centripetal
force, is determined solely by its altitude.

Now, because DC is equal to IC, it follows that centripetal accelerations at D and I are
equal. Also, by definition ∠ITN is a right angle, and from geometry we see that ∠IKN
is equal to ∠INT . Therefore, by similar triangles we have,

IK

IN
=

IN

IT
,

∴ IT =
IN2

IK
.

Now the centripetal acceleration f , along IT, is given by

f(IT) = f(IN) · IT
IN

= f(DE) · IT

DE
.

∴ f(IT) = f(DE) · IN
2

IK
· 1

DE
.

But,
IN = DE,

∴ f(IT) = f(DE) · DE
IK

,

and
f(IT).IK = f(DE) ·DE.

But we have IK = vI∆tIK and DE = vD∆tDE. It therefore follows that,

vI∆tIK · f(IT) = vD∆tDE · f(DE);

and, because at t0, vI is equal to vD (by definition), this equation simplifies to,

∆tIK · f(IT) = ∆tDE · f(DE).

But because we are dealing with evanescent quantities, accelerations f(IT) and f(IK)
are equal.

∴ ∆tIK · f(IK) = ∆tDE · f(DE).
Representing accelerations in the form of dv/dt, we can recast this equation as

∆tIK
dvIK
dt

= ∆tDE
dvDE

dt
;

or,
∆vIK = ∆vDE.
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It therefore follows directly that,

vK = vI +∆vIK,

= vD +∆vDE.

Thus,
vK = vE, (5)

i.e. the net accelerations along IK and DE are equal. This indicates that the velocity of
a body, subject solely to a centripetal force, is independent of the path taken or its orbit
shape. Thus, we have obtained the required solution.

4 PROPOSITION XLI. PROBLEM XXVIII

Supposing a centripetal force of any kind, and granting the quadratures of curvilinear
figures; it is required to find as well as the curves in which bodies will move, as the times
of their motions in the curves found.

R

Y
X

V

A B

L a
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I

k
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Let any centripetal force tend to the centre C, and let it be required to find the curve
VIKk. Let there be given the circle VR, described from the centre C with any radius
CV; and from the same centre describe any other circles ID, KE, cutting the curve in I
and K, and the right line CV in D and E. Then draw the right line CNIX cutting the
circles KE, VR in N and X, and the right line CKY meeting the circle VR in Y. Let the
points I and K be indefinitely near; and let the body go on from V through I and K to
k and let the point A be the place from which another body is to fall, so as in the place
D to acquire a velocity equal to the velocity of the first body in I. And things remaining
as in Prop, XXXIX, the short line IK, described in the least given time, will be as the
velocity, and therefore as the right line whose square is equal to the area ABFD, and the
triangle ICK proportional to the time will be given, and therefore KN will be inversely
as the altitude IC; that is (if there be given any quantity Q, and the altitude IC be called

A), as
Q

A
. This quantity

Q

A
call Z, and suppose the magnitude of Q to be such that in
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some one case √
ABFD : Z=IK:KN,

and then in all cases √
ABFD : Z=IK:KN,

and
ABFD : ZZ=IK2 : KN2,

and by subtraction,
ABFD - ZZ : ZZ = IN2 : KN2,

and therefore √
ABFD - ZZ : Z or

Q

A
= IN : KN,

and

A ·KN = − Q · IN√
ABFD - ZZ

.

Since
YX · XC : A ·KN = CX2 : AA,

it follows that

YX · XC =
Q · IN · CX2

AA
√

(ABFD-ZZ

Therefore in the perpendicular DF let there be taken continually Db, Dc equal to
Q

2
√
ABFD-ZZ

,
Q · IN · CX2

2AA
√
ABFD-ZZ

respectively, and let the curved lines ab, ac, the foci

of the points b and c, be described; and from the point V let the perpendicular Va be
erected to the line AC, cutting off the curvilinear areas VDba, VDca, and let the ordi-
nates Ez, Ex, be erected also. Then because the rectangle Db·IN or DbzE is equal to half
the rectangle A·KN, or to the triangle ICK; and the rectangle Dc·IN or DcxE is equal to
half the rectangle YX·XC, or to the triangle XCY; that is, because the nascent particles
DbzE, ICK of the areas VDba, VIC are always equal; and the nascent particles DcxE,
XCY of the areas VDca, VCX are always equal: therefore the generated area VDba will
be equal to the generated area VIC, and therefore proportional to the time; and the
generated area VDca is equal to the generated sector VCX. If, therefore, any time be
given during which the body has been moving from V, there will be also given the area
proportional to it VDba; and thence will be given the altitude of the body CD or CI; and
the area VDca, and the sector VC X equal thereto, together with its angle VCI. But the
angle VCI, and the altitude of the body CD or CI; and the area VDca, and the sector
VC X equal thereto, together with its angle VCI. But the angle VCI, and the altitude CI
being given, there is also given the place I, in which the body will be found at the end
of that time. Q.E.I.

✩✩✩✩✩✩✩✩✩✩

4.1 Proposition 41 - Modern form

We now convert the essence of Newton’s solution to a more modern form, as follows:

With conditions remaining as for Propositions XXXIX (particularly Corollary II) and
XL we have, ABLV = v2V;
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∴ v2D = ABFD = ABLV + VLFD = v2V + 2

∫ r=rD

r=rV

f(r) dr, (6)

which follows from eqns. (1) and (4). Note: The constant of proportionality between
v2D and ABFD is equal to unity4, and the reason for this will become clear in the analysis
that follows.

Therefore, letting rV = CV, rD = CD and vV = v0 , it follows that,

vD =
√
ABFD

[
=

√
v20 + 2

∫ r=rD

r=rV

f(r) dr

]
. (7)

Let,

A = CI = CD [= r] and
Q

A
= Z,

∴
√
ABFD :

Q

A
:: vD :

1

CI
. (8)

where Q is a constant to be determined.

But,
IK = vD∆tIK,

∴
IK

∆tIK
=

√
ABFD.

Letting ∆tKN = ∆tIK = ∆t, we have

Area ICK

∆t
=

1
2
KN · CI
∆t

[
=

1

2
r2θ̇ =

1

2
h = Constant

]
,

∴
KN

∆t
∝ 1

CI

[
vθ ∝

1

r

]
,

where h is equal to twice the areal velocity and vθ represents transverse velocity. This
is additional confirmation of Newton’s Proposition I, Theorem I and Proposition II,
Theorem II (Kepler’s second Law: equal, areas in equal time).

From eqn. (8) it follows that,

√
ABFD : Z ::

IK

∆t
:
KN

∆t
:: IK : KN. (9)

Newton now chooses Q such that for one case, eqn. (9) becomes,

√
ABFD : Z = IK : KN

[
=

vD
vθ

]
. (10)

It also follows that this same choice for Q ensures that eqn. (10) holds for all cases.
Furthermore, because of the constant of proportionality between v2D and ABFD is unity,
as mentioned above,we have,

Z =
Q

A
= vθ = rθ̇,

∴ Q = r2θ̇ = h,
4For more details on this matter see discussion by Herman Erlichson [Erl-94].
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i.e., Q= h, twice the areal velocity.

On squaring terms in eqn. (10) we obtain,

ABFD : Z2 = IK2 : KN2. (11)

But,
IK2 = IN2 +KN2.

Thus, subtracting unity from each side of eqn. (11) yields,

(ABFD− Z2) : Z2 = (IK2 −KN2) : KN2 = IN2 : KN2.

∴
√

ABFD− Z2 : Z = IN : KN.

But Z =
Q

A
,

∴ A ·KN =
Q · IN√

ABFD− Z2
. (12)

From a comparison of areas it is seen that,

YX · XC : A ·KN = CX2 : A2 [A = CI] .

It therefore follows that,

YX · XC =
Q · IN · CX2

A2
√
ABFD− Z2

. (13)

Newton continues: In the perpendicular DF let there be taken continually Db, Dc equal
to

Q

2
√

ABFD− Z2
,

Q · CX2

2A2
√

ABFD− Z2
.

Let us now expand on Newton’s succinct statement in order to see more clearly what he
has achieved. From the above eqns. (12) and (13) we obtain

Db =
Q

2
√
ABFD− Z2

=
A ·KN

2 IN
, (14)

and

Dc =
Q · CX2

2A2
√
ABFD− Z2

=
YX · CX
2 IN

. (15)

On letting r = IC, R = CX and θ = ∠ICK, we obtain,

A ·KN

2 IN
=

r rθ̇∆t

2 ∆r
=

h

2

∆t

∆r

and
YX · CX
2 IN

=
Rθ̇∆t ·R
2 ∆r

=
R2

2

∆θ

∆r
.

Then, on substituting r for A[=IC], h for Q and h/r for Z, we obtain from eqns. (7),
(14) and (15) the following modern-form equations:

DbzE = Db · IN = Db ·∆r =
h∆r

2
√

v20 + 2
∫ ρ=r

ρ=rV
f(ρ) dρ− h2/r2

=
1

2
h∆t,
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and

DcxE = Dc · IN = Dc ·∆r =
R2h∆r

2r2
√
v20 + 2

∫ ρ=r

ρ=rV
f(ρ) dρ− h2/r2

=
1

2
R2∆θ;

where, in preparation for the integrals that follow, we have made a necessary change of
variable in the integrals under the square-root sign (r to ρ),

We have, up until now, been dealing with evanescent quantities, i.e., when the angle ∆θ
is just nascent; therefore, it follows that in the limit when ∆θ → 0,

VDba =

∫
h dr

2
√

v20 + 2
∫ ρ=r

ρ=rV
f(ρ)− h2/r2

=
1

2
h

∫
dt = area(VCI), (16)

and

VDca =

∫
R2h dr

2r2
√

v20 + 2
∫ ρ=r

ρ=rV
f(ρ) dρ− h2/r2

=
1

2
R2

∫
dθ = area(VCX), (17)

Equations (16) and (17) enable us to deduce the time and angle of the body at any
particular point in its orbit, e.g.,

t =
VDba

h/2

[
=

VDba

Q/2

]
, (18)

and

θ =
VDca

R2/2

[
=

VDca

CX2/2

]
. (19)

4.2 Inverse Problem Solution for an Inverse-Square Law of Gravity

This section is included to demonstrate that Newton’s analysis contained in Propositions
39 - 41 do indeed lead to a solution to the Inverse Problem. He just didn’t provide the
detailed working. What he did produce in Corollary 3 was a discussion on the orbits of
a body subject to an inverse-cube law of attraction [Gui-15]. We will not analyze this
here, noting that it was controversial at the time and, even today, is still the subject of
analysis by scholars - see for example, the excellent historical discussion and analysis by
N. Guicciardini [Gui-95].

Consider a body subject to an inverse-square law of gravitational attraction. In this
situation the integrals under the square root sign in eqns. (16) and (17) evaluate to:∫ ρ=r

ρ=r0

f(ρ)dρ =

∫ ρ=r

ρ=r0

− µ

ρ2
dρ = µ

(
1

r
− 1

r0

)
,

where −µ = −GM , G is the Gravitational Constant, M is the central mass and r0 = rV
in the above diagram, all with appropriate units. The negative sign is included by
convention to indicate an attractive force.

Now, because h and R are constant quantities, it is clear from eqns (18) and (19) that
we could have gone straight to the solutions for t and θ, i.e.,

t =

∫ r=r1

r=r0

dr√
v20 + 2µ

(
1

r
− 1

r0

)
− h2/r2

(20)
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and

θ =

∫ r=r1

r=r0

h dr

r2

√
v20 + 2µ

(
1

r
− 1

r0

)
− h2/r2

(21)

The first integral above giving t as a function of r is difficult, but can be solved. However,
it cannot be inverted to give r as a function of t. The second integral is more amenable
to a solution and will ultimately yield the equation for a conic section orbit. We first
solve for θ by evaluating the integral eqn. (21)5 yielding.

θ − θ0 = arcsin


(

h2

µr(θ)
− 1

)
√

1 +
h2

µ

(
v20
µ

− 2

r0

)
 ; (22)

where we chose θ0 = −π/2 to give a suitable orbit origin. We have also replaced the
variable r1 by r(θ). Then isolating r(θ) so that it becomes the dependent variable, we
obtain the following polar coordinate equation for a conic section with the origin at one
focus (point C in the above diagram),

r(θ) =
h2/µ

1 + ε sin(θ − θ0)
=

h2/µ

1 + ε cos(θ)
, (23)

where ε represents the conic section eccentricity,

ε =

√
1 +

h2

µ

(
v20
µ

− 2

r0

)
=⇒


circle if ε = 0,

ellipse if 0 < ε < 1,

parabola if ε = 1,

hyperbola if ε > 1.

Assuming an elliptical orbit, if we take the initial point r0 to be at either the apogee or
perigee, then v0 = h/r0, and the expression for eccentricity simplifies, finally yielding

r(θ) =
h2/µ

1 +

(
h2/µ

r0
− 1

)
cos(θ)

. (24)

The four orbit types are illustrated in normalized form below.

5This integral is not exactly straight forward, but can be solved by making the substitution u = 1/r and completing the

square [Mou-70, 148/9]. It can also be solved by simply reducing it to the form:
∫ dr

r
√
ar2 + br + c

which can be evaluated

by the computer program Maple™. Newton described this integral in Cor III as: All these things follow from the foregoing
Proposition, by the quadrature of a certain curve, the invention of which, as being easy enough, for brevity’s sake I omit.
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