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Index

Accuracy-stability tradeoff, 9-10
Advection equation, 5
analytical solution, 10
nonlinear, 94
AMR, 289
Analytical solution 3, 15, 19, 37, 51, 58, 70-71, 94,
115, 127-128, 142, 146-147, 155, 172, 230,
262,292, 301
derivation, 68-69, 227, 414-419
from Green’s function, 38
to define boundary condition, 105, 108
to define initial condition, 104, 108
verification, 68
Animation, 445-468
GIF files, 458-468
Anisotropic diffusion equation, 292
see also diffusion equation
Approximate solution, 3, 51
accuracy, 3
Arrhenius temperature dependency,
309
Auxiliary condition, 2
AVI movies, 445-468

Benjamin-Bona-Mahony equation,
418

Bidiagonal equations, 9

Body-fitted coordinates, 14

Boundary condition, 2, 4
see also Dirichlet boundary condition,

Neumann boundary condition

consistency with initial condition, 37
example, 2
in various coordinate systems, 14
nonlinear, 71, 289
number required, 2, 4, 443
Robin, see Robin boundary condition
third type, 3, 71, 262, 273, 329

time-varying, 420-440
algebraic, 425, 439
differential equation, 425, 437-439
Bose-Einstein condensates, 137
Boundary-value problem, 229, 261
Boundary-value variable, 1, 70
interval, 2
solution domain, 37
Burgers equation, 94
analytical solution, 94, 97, 106-107
animation, 448-451
error in numerical solution, 100-102
front sharpening, 95, 99, 108-109

Cartesian coordinates, 4, 91, 94, 205, 382-387
CFL number, 9
Color plate, 460, 464, 467
Computational fluid dynamics, 197
Computer algebra system, 419
Conservation PDE, 90-91
Conservation principles, 35
Constitutive equations, 204
Constraint, 38, 51, 64, 120, 128-130
Continuation, 259, 289

embedded parameter, 259, 289
Continuity equation, see mass conservation
Convection-diffusion equation, 6, 396
Convection-diffusion-reaction equation, 6,

307-308, 339

Coordinate systems, 13

choice, 14
Coupling matrix, 295, 297
Courant-Friedricks-Lewy (CFL) condition, 9
Cross product, 384
CSE, see Schrodinger equation
Cubic Schrodinger equation, see Schrodinger

equation

Curl vector operator, 203-205

469

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9780521519861
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-0-521-51986-1 - A Compendium of Partial Differential Equation Models: Method of Lines Analysis with Matlab

William E. Schiesser and Graham W. Griffiths

Index

More information

470

Index

Cylindrical coordinates, 4, 11, 306-309, 325-331,
397-391
singularity, 328

DAE (differential-algebraic equations), 11-12,
304
index, 304
integration routines, 16
d’Alembert solution, see wave equation
DASSL, 16
DeBroglie, 136, 138
Del vector operator, 91, 204
applied to a scalar, 91, 343, 383, 389-391,
394-396
applied to a tensor, 92
applied to a vector, 91, 203-205, 343, 383,
389-391, 394-396
as coordinate free operator, 91
Dependent variable, 1
Differential-algebraic equations, see DAE
Diffusion equation, 2, 18, 36, 342, 420
analytical solution, 15, 18, 37
anisotropic, 292
Cartesian coordinates, 292, 382-387
cylindrical coordinates, 387-391
spherical coordinates, 292, 391-396
Diffusivity, 2, 307
Cartesian coordinate tensor, 385
constant, 385-387
cylindrical coordinate tensor, 389
constant 390-391
spherical coordinate tensor, 394
constant, 395-396
Dirac delta function, 36-37, 43-44
numerical approximation, 41-44, 51
properties, 37
Dirichlet boundary condition, 3, 11, 14, 18, 27, 29,
33-34, 53-55, 58, 105, 262, 410412, 443
time-varying, 420-440
algebraic, 425, 439
differential equation, 425, 437-439
Discontinuities, 5, 93, 99, 218, 275
Dispersion, 414
DSS routines, 398
applied to
exponentials, 406-410, 413
polynomials, 399-401, 410-412, 413
boundary effects, 404405
see also FD, order
library, 441-445
stencil, 441-442
dss002, dss004, dss006, dss008, dss010, 15, 30,
54-55, 80, 82, 105, 107, 131, 158, 160,
198-199, 266, 357-358, 399-401, 407-410,
433434, 438, 443444
applied in two-dimensions, 236, 247, 250-251,
333-338, 373-379
applied in three-dimensions, 266, 276-277,
279-281

dss042, dss044, dss046, dss048, dss050, 32, 59,
132, 134,200, 209, 220, 224, 410-413, 435,
439
applied in two dimensions, 236, 254-255, 257,
333-338
applied in three-dimensions, 284-286
boundary condition specification, 33-34, 59,
412413
Divergence free, 92
Dyadic product, 384

Elliptic PDE, 6, 229, 261
analytical solution, 230, 262
equilibrium condition, 230, 262
error in numerical solution, 237, 244-245, 267,
274,283,288
pseudo initial condition, 230, 262
two-dimensional, 229
three-dimensional, 261
with mixed derivative, 291
Energy, 138
kinetic, 138
potential, 138
total, 138
Energy conservation, 90-91, 137138, 143-144,
147-148, 152, 155-158, 164, 306, 308,
340-341
Enthalpy, 308
Internal energy, 308
Equal-width PDE, 417
Error accumulation, 99
Error control, 14, 23-24, 31, 34
Euler equations, 91, 93, 197
Euler method, 8
explicit, 8-9
stability, 9
implicit, 9
stability, 9
Eulerian frame, 181
Exothermic reaction, 308, 321-323, 340

FD (finite difference)
backward, 9
boundary effects, 404-405
effect of discontinuities, 181, 275
effect on Jacobian bandwidth, 219
errors, 401-409
explicit programming, 27, 52, 429-430,
436
forward, 8
library routines, 28-30, 32
mixed derivative approximation, 297, 443
noncentered, 10, 52
one-sided, 10
order, 8, 11, 30, 32, 84, 89, 113, 398413
principal error term, 401-405
stencil, 441-442
third derivative approximation, 159, 166-167
truncation error, 8, 406, 410
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two-dimensional, 236, 239, 247-248, 312-314,
316-317, 325-338, 373-379
three-dimensional, 266268, 271-273,
276-277
Fictitious point, 12, 28, 273, 328, 330
Fick’s first law, 307, 340, 350
Fick’s second law, 2
Finite difference, see FD
Finite elements, 13, 303
Finite volumes, 13
Flux limiter, 11, 181
Fourier’s first law, 309, 341
Fourier’s second law, 2
Fourier transform, 15, 172
Front sharpening, 95, 99, 108-110

Galerkin methods, 13
Gaussian function, 348, 372
General PDE system, 4
Geometric classification, 5-6, 260, 290
mixed classification, 6, 71, 205, 260, 290
Gibbs’ phenomenon, 181
GIF files, 445
animated 458-468
Godunov order barrier theorem, 10-11
Green fluorescent protein (GFP), 342
Green’s function, 15, 37-38, 66-67
error in numerical solution, 48-50, 56, 60-64
finite domain, 66
infinite domain, 66

Hamiltonian, 138
conservation of energy, 138
equations of motion, 138
Heat conduction equation, 2, 18, 36, 230
analytical solution, 15, 18, 37
two-dimensional, 230
Heavside unit step function, 10, 348, 364
Helmbholtz equation, 259
High-resolution methods, 11, 196
h-refinement, 14, 58, 90, 110-112, 234, 287, 339,
413
Hyperbolic PDE, 4, 5
constant coefficient, 5
discontinuity propagation, 5
first-order, 5, 93
Maxwell’s equations see Maxwell’s equations
mixed hyperbolic-parabolic, 6, 260, 290, 308,
332-339, 396
second-order, 5
wave equation, 5

Incompressible fluid, 92
Independent variable, 1
boundary-value variable, 1-2
derivatives, 6
in MOL, 6
initial-value variable, 1-2
in MOL 6

Index 471

Indeterminate form, 328, 337, 359, 378
Inhomogeneous PDE, 6, 70, 344-345, 364
Initial condition 2, 4
consistency with boundary conditions, 37, 218,
233,264
delta function, 36
example, 2, 15
number required, 2, 4, 443
in MOL, 7
Initial-value variable, 1, 70
in elliptic PDE, 6
interval, 2, 21
Invariants, 38, 51, 56, 120, 128-130, 164, 349, 351,
355-356
Irregular geometry, 14
Integral constraint, see constraint
Integral invariant, see invariant
Inviscid Burgers equation, 94

Jacobian matrix, 9
banded, 12, 161, 218
bandwidth, 161, 163, 218
outliers, 163
out-of-band elements, 163
in stiff integration, 163
map, 160-161, 218-219
nonzero and zero elements, 161
routine jpatternpy,, 161-162, 167-168
sparse, 9, 12, 116, 118, 143, 146, 163, 215

KdVE (Korteweg—deVries equation), 141,
443
analytical solution, 142, 146-147, 155
animation, 448, 454-458
derivation, 168-169
error in numerical solution, 148-152
invariants, 143-144, 147-148, 152, 155-158
soliton solutions, 145, 153
sparse matrix solution, 143
third derivative approximation, 159, 166-167
traveling wave solution, 142, 417
two-soliton case, 164—-165
interaction of solitons, 166
Kerr media, 137
Kinematic viscosity, 94, 97, 110-111
effect on solution, 110-111
Korteweg—deVries equation, see KAVE

Lagrangian frame, 168, 180
Laplace’s equation, 6, 229
analytical solution, 230
animation, 458-461
error in numerical solution, 244-245, 251-252
related parabolic PDE, 230
Laplacian operator, 13, 94, 205, 343
Cartesian coordinates, 205, 360-361, 377
cylindrical coordinates, 389
spherical coordinates, 343, 360-361, 377, 394
Least square methods, 13
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I’'Hospital’s rule, 328, 359, 378 Calogero equation, 292
Library integrators, 13, 16 error in numerical solution, 301-302
Linearity, 2, 5, 11, 205, 414 FD approximation, 297
Linear wave equation, see wave equation Monge-Ampere equation, 292
see also Maxwell’s equations sine-Gordon equation, 291
LSODE, 16 sinh-Gordon equation, 291
2D Khokhlov-Zabolotskaya equation,
Mass conservation, 90-91, 143-144, 147-148, 152, 292
155-158, 164, 306-308, 340, 349, 351 MOL (method of lines)
application to fluid mechanics, 91 applicability 6, 260
Cartesian coordinates, 382-387 availability of related variables, 136
cylindrical coordinates, 387-391 cylindrical coordinates, 325-332
spherical coordinates, 391-396 introduction, 1, 6-10
Mass diffusivity, 2 origin of name, 14-15, 25
Mass matrix, 295, 297 pseudo-characteristic, 181
Matlab similarity to PDE, 30, 159, 243, 337
animation, see Animation spherical coordinates, 357-359, 361-363
code, 19-20 two-dimensional PDE, 236, 239, 247-248,
functions, 26 312-314, 361-367
global variables, 21 three-dimensional PDE, 265, 267-268,
interp2 function, 463 270
matrix inverse operator, 299, 303 Momentum conservation, 90-91, 94, 143-144,
movie, moviein functions, 446 147-148, 152, 155-158, 164
ODE integrator odel5s, 21, 75, 116, 118, 146, application to fluid mechanics, 91
201, 236, 317, 338, 348-349, 423, 427
sparse matrix option, 116, 118, 146, Navier Stokes equations, 94
161-162 Neumann boundary condition, 3, 14, 18, 27, 30,
ODE integrator ode45, 119, 146, 296, 299 33-34,107-108, 262, 430, 443
ODE routine, 22, 26, 29, 31, 43, 51-53, 58, Newtonian viscosity, 94
79-81 Newton’s method, 9
requirements, 27-28, 83, 119, 243, 269 Nonisothermal system, 308
reshape function, 234, 237, 240, 243, 249, Nonlinear advection equation, 94
253-256, 258, 266, 317 Nonlinearity, 9, 67-68, 70-71, 93, 115, 137, 289,
slice function, 459 308-309, 414
surf function, 236-237, 243 FD approximations, 67-68
surfl function, 445 Nonstiff ODE integration, 23, 118
two-dimensional plotting, 23, 45, 57, 65, 77, 87, computational efficiency, 118, 125, 163

103, 108, 124, 144-145, 152,176, 179, 189, Numerical diffusion, 9-10
193, 196, 220, 297, 303, 318-319, 322, 356, Numerical integration, 8-10

372-373, 432, 450 error tolerances, 23-24, 31, 34
three-dimensional plotting, 25, 45, 66, 77, 88, Euler method, 8
109-110, 136-137, 165, 221, 237, 246-247, explicit, 8
304-305, 324, 432 implicit, 9
vectorized code, 160, 299, 335-336 library routines, 13
Maxwell’s equations, 203-204 stability, 8
constitutive equations, 204 Courant-Friedricks-Lewy (CFL) condition, 9
dependent variables, 204 Numerical oscillation, 9-10, 56
differential form, 203-205 Numerical quadrature, 44
effect of resistance, 218 Numerical solution, 3
Ohm’s law, 204-205
parameters, 204 Ocean waves, 137
speed of light, 228 ODE (ordinary differential equation), 2
time-dependent, 203-205 from MOL, 6
velocity of waves, 228 implicit, 297-298
Method of characteristics, 180 in matrix form, 298
linear, 181 numerical integration, 8-10
Method of lines, see MOL error tolerances, 23
Mixed partial derivative PDE, 291-292, 297, explicit, 8
417-419, 443 simultaneous, 7
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odel5s, 21,42, 113, 125, 266
error tolerances, 23, 31, 34, 42
stiff and nonstiff options, 23, 113
ode45b, 118, 125
Ordinary differential equation, see ODE
Orthogonal coordinate free operator,
91

Parabolic PDE, 5, 11
two-dimensional, 229
three-dimensional, 261

Partial derivative, 2
order, 2
subscript notation, 3—4, 18, 36, 70, 114,

292

Partial differential equation, see PDE

Partial fractions, 415

PDE (partial differential equation)
analytical solution, 3
animation of solutions, 445-468
approximate solution, 3
basic concepts, 1-3
Cartesian coordinates, see Cartesian

coordinates
cylindrical coordinates, see cylindrical
coordinates
degree, 2
derivation, 307-309, 339-340
units check, 310, 339-340
Cartesian coordinates, 382-387
cylindrical coordinates, 387-391
spherical coordinates, 391-396
dispersion, 414
example, 1
general system, 4
geometric classification, 5-6, 260,
290
higher dimensional, 13
inhomogeneous, 6, 70-71
linearity, 2
multidimensional vector, 90-91
numerical solution, 3
simultaneous, 4, 70, 339-340
solution, 3
spherical coordinates, see spherical coordinates
stability, 304
systems, 4, 339-340
traveling wave solution, 115
well-posed problem, 2-3

Planck’s constant, 136, 138

Planck-Einstein relation, 138

Poisson equation, 259

Probability density, 139-140

Procedural programming, 160

Protein diffusion, 342

p-refinement, 14, 58, 110-111, 113, 216-217, 234,

287,413

Pseudo transients, 230, 259, 261, 289

selection of initial condition, 230

Index

Quadrature, 44
see also Simpson’s rule
Quantum mechanics, 139-140

Riemann problem, 10, 196-197

Robin boundary condition, 3, 71, 262, 273
see also, boundary condition, third type

r-refinement, 289

Schrodinger equation, 114, 137, 139
absolute value of dependent variable, 115
animation, 448, 451-454
complex dependent variable, 114-115, 118, 132
cubic nonlinearity, 137
error in numerical solution, 121-123
invariants, 119, 128-132
soliton solution, 124, 137
traveling wave solution, 115, 119-120, 126-128
Scott-Russell, John, 169
Second order derivative in ¢, see wave equation
Separation of variables, 140, 172
Shock, 99, 196-197
Simpson’s rule, 44, 69, 120, 128-132, 147, 152,
155-158, 338, 349, 360
Simultaneous PDEs, 4, 70-71, 79-83, 306, 333-337
error in numerical solution, 84-87
Singularities, 13-14, 328, 345, 360
Solitary wave, see soliton
Soliton, 124, 137, 145, 153, 417
definition, 137
interaction, 166
see also traveling wave solution
Solution invariants, 38, 51, 56
Spacetime, 1
Sparse matrix integration, 146, 209, 211, 266
see also Jacobian matrix
efficiency, 161, 218, 266
routine jpatternpy,, 162, 167-168, 211,
224-226
Spatial convergence, 24, 31, 68, 90, 226, 339
Spatial variable, see boundary value variable
Special case checks, 34-35
Specific heat, 308
Spectral methods, 13
Spherical coordinates, 13, 344, 391-396
angular terms, 360-361, 367-371
animation, 461-468
relation to Cartesian coordinates, 344, 464
singularities, 345, 359-361
Stability-accuracy tradeoff, 9-10
Stability of integration, 8
Courant-Friedricks-Lewy (CFL) condition, 9
explicit, 9, 11
implicit, 9
Stagewise differentiation, 30, 57, 82-83, 105-106,
159, 163, 236, 250, 267, 279, 303, 358, 434,
444
applied to mixed derivatives, 303, 443
failure, 57, 67

473

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9780521519861
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
978-0-521-51986-1 - A Compendium of Partial Differential Equation Models: Method of Lines Analysis with Matlab
William E. Schiesser and Graham W. Griffiths

Index

More information

474

Index

Steep moving front, 95, 97
Stencil, see FD stencil
Stiff ODE integration, 23, 43, 118
computational efficiency, 118, 125, 163
Subscript notation, see partial derivative
SUNDIALS, 16
Superposition of PDE solutions, 38
see also Green’s function
Surface plots, 236
Systems of PDEs, 4

Taylor series, 8, 406
Tensor, 92
multiplication, 384
order, 384
second order, 92, 384
Thermal diffusivity, 2, 36, 309
Third type boundary condition, 3
Thomas’ method, 12
Time-varying boundary condition
see Boundary condition, time-varying
Total variation diminishing methods, 11
Traveling wave solution, 115, 119-120, 126, 128,
142, 180, 195, 414-419
Tridiagonal equations, 12
Thomas’ method, 12
Truncation error, 8, 406, 410
local, 14
Two-dimensional PDE, 229-235
elliptic, 229
parabolic, 229
finite differences, 236, 239

Unit step function, 10
Unit vectors, 385

Upwind (upstream) FD approximation, 8, 10,

331-332
accuracy, 9-10

Variable coefficients, 70-71
cylindrical coordinates, 328
spherical coordinates, 345, 359

Vector dot product, 204-205, 384

Vectorized code, 160

VODE, 16

Wave equation, 5, 171
see also Maxwell’s equations
characteristics, 180, 195
d’Alembert’s solution, 172, 183, 186-187
effect of discontinuity, 181, 187
effect of damping, 218
Gaussian pulse initial condition, 192-193

error in numerical solution, 194-195

MOL/ODE routines, 197-201

programming for second order ¢ derivative,
175-176, 182-183, 205, 208-209, 222-225

propagation velocity, 171, 228
pulse initial condition, 177-185
error in numerical solution, 177-178
sine pulse initial condition, 190
error in numerical solution, 191-192
smoothness of solution, 181, 187, 190,
196

triangular pulse initial condition, 186-187

error in numerical solution, 188-189
with damping, 205, 218, 228
Wave function, 137-138

Weighted essentially nonoscillatory (WENO)

method, 11, 181
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